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Abstract
We study some aspects of cosmological evolution in a universe described by a viable
curvature corrected exponential F (R) gravity model, in the presence of matter fluids
consisting of collisional matter and radiation. Particularly, we express the Friedmann-
Robertson-Walker equations of motion in terms of parameters that are appropriate
for describing the dark energy oscillations and compare the dark energy density and
the dark energy equation of state parameter corresponding to collisional and non-
collisional matter. In addition to these, and owing to the fact that the cosmological
evolution of collisional and non-collisional matter universes, when quantified in terms
of the Hubble parameter and the effective equation of states parameters, is very much
alike, we further scrutinize the cosmological evolution study by extending the analysis
to the study of matter perturbations in the matter domination era. We quantify this
analysis in terms of the growth factor of matter perturbations, in which case the result-
ing picture of the cosmological evolution is clear, since collisional and non-collisional
universes can be clearly distinguished. Interestingly enough, since it is known that the
oscillations of the effective equation of state parameter around the phantom divide are
undesirable and unwanted in F (R) gravities, when these are considered for redshifts
near the matter domination era and before, in the curvature corrected exponential
model with collisional matter which we study here there exist oscillations that never
cross the phantom divide. Therefore, this rather unwanted feature of the effective
equation of state parameter is also absent in the collisional matter filled universe.
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Introduction
Late time acceleration is one of the most profound observations made for the evolution
of the universe [1]. Current experimental research [2, 3] aims to further enlighten both
the late time era and also evolution stages that belong to higher redshift. One of the
latest observational successes was the verification of the B-mode power spectrum [3], which
verifies the existence of the inflationary era [4] of the universe. In addition to observational
methods that use standard candles, such us Supernovas and Gamma Ray Bursts, there
exist other methods proposed in the literature that may reveal the way that our universe
evolves in cosmic time, using indirect methods, such us by observing the spectrum of
direct dark matter scattering [5]. For methods of observing dark matter directly in the
laboratory, see [6].
In reference to late time acceleration, the cosmological models accounting for dark
energy or late time acceleration largely take the two distinct ways. One is to add directly
in the Einstein equations some non-standard matter component, with the most well known
candidate being the cosmological constant Λ, and the corresponding model of cosmological
evolution is known as the Λ-Cold-Dark-Matter(ΛCDM). According to this model, the
universe consists of ordinary matter (Ωm ∼ 4.9%), cold dark matter (ΩDM ∼ 26.8%), and
dark energy (∼ 68.3%). Dark energy is the component of the matter energy tensor that
generates the late time acceleration and one way to model this is provided by the F (R)
theories of gravity [7–33], in which the right hand of the Einstein equations is directly
modified due to the existence of terms coming from the geometry of the theory itself. For
a list of reviews and important papers on this vast topic, see [7–33] and references therein.
The challenge in modern cosmology is to find a unique theoretical framework to explain
both late time and inflation at once. One such description was provided at first time by the
Nojiri-Odintsov model in [33], in which dark energy and also inflation was generated from
a single model. For theories that can also consistently address the dark energy problem,
see [34–38] and relevant references therein and for a recent study on unified dark energy
with quintessential inflation [39], see [40].
In a recent study [41], we investigated the effect of collisional matter [42] on the late
time evolution of the universe, in the context of F (R) modified theories of gravities.
The resulting picture of our investigation was that the behavior of the collisional matter
filled universe, varied in a model dependent way, giving in some cases better fit to the
ΛCDM model with respect to the non-collisional matter filled universe, always in the
context of F (R) gravities. Motivated by this rather vague result, in this paper we further
scrutinize the effect of collisional matter in the cosmological evolution of F (R) theories.
Our approach is different with regards to our previous work, in which we were interested
in the late time epoch. In the present work we shall consider the matter domination
eras and also study the oscillatory behavior of dark energy. With regards to the matter
domination era, we shall also examine the matter perturbations of the collisional universe
and compare it to the non-collisional matter filled universe.
This paper is organized as follows: In section 1 we briefly review the fundamental
features of F (R) gravity, in section 2 we present necessary information for the exponential
F (R) gravity model which we shall use and also for the we give a brief account on the
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collisional matter essentials. Then, by introducing the necessary for our study variables,
we explicitly re-calculate the corresponding equations of motion and we solve these numer-
ically. We investigate the behavior of the dark energy density, the dark energy equation of
state parameter, the effective equation of state parameter and also the Hubble parameter.
We compare the results coming from a collisional matter filled plus radiation universe with
those coming from a universe filled with ordinary matter plus radiation. We give special
attention to dark energy oscillations in the process and investigate how the oscillations
behave under the change of the parameters that characterize the collisional matter. In the
end of section 2, we study in detail the behavior of matter perturbations and focus our
investigation on the study of the growth factor as a function of the redshift z. In section
3, we discuss in detail the results of this article and combine these to our previous work
results [41]. The conclusions follow in the end of the paper.
1 Overview of Geometric Dark Energy and F (R) Gravity
Dynamics
In order to maintain the article self contained, it worths recalling the essential features of
the Jordan frame formulated F (R) modified theories of gravity, considered in the metric
formalism. For detailed work on these issues, see [7–11,14–26] and references therein. It is
assumed that the geometric background is that of a pseudo-Riemannian manifold, which
locally is a Lorentz metric, which in our case is a flat Friedmann-Robertson-Walker metric
(FRW hereafter), of the following form,
ds2 = −dt2 + a2(t)
∑
i
dx2i (1)
The corresponding to this metric Ricci scalar is,
R = 6(2H2 + H˙), (2)
where H(t) denotes the Hubble parameter and the “dot” denotes differentiation with
respect to the cosmological time t. In addition, it is assumed that the connection on this
manifold is a torsion-less, symmetric, and metric compatible affine connection, the Levi-
Civita connection. The general action that describes F (R) modified theories of gravity in
the four dimensional Jordan frame is,
S = 1
2κ2
∫
d4x
√−gF (R) + Sm(gµν ,Ψm), (3)
with κ2 = 8piG and in addition Sm contains all the matter content of the theory. Variation
of the action (3) with respect to the metric gµν results in the following equations of motion,
Rµν − 1
2
Rgµν =
κ2
F ′(R)
(
Tµν +
1
κ2
(F (R)−RF ′(R)
2
gµν +∇µ∇νF ′(R)− gµνF ′(R)
))
.
(4)
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where as usual, F ′(R) = ∂F (R)/∂R and Tµν denotes the energy momentum tensor corre-
sponding to ordinary matter fields. As we already mentioned in the introduction, in the
context of F (R) theories, dark energy finds an elegant and self consistent description and
it is named geometric dark energy. The reason for this can directly be extracted from the
equations of motion above (4). As it can be seen, the left hand side of these equations is
identical to the Einstein equations of general relativity, while the right hand side is mod-
ified in a way that describes ordinary matter plus a contribution coming from a perfect
fluid contribution, with purely geometric origin. Indeed we can write the equations of
motion in the following form (for a very informative work on this see [26]),
Rµν − 1
2
Rgµν = T
m
µν + T
curv
µν (5)
with Tmµν being equal to,
Tmµν =
1
κ
Tµν
F ′(R)
(6)
and originating from ordinary matter perfect fluids, while T curvµν is equal to,
T curvµν =
1
κ
(F (R)−RF ′(R)
2
gµν + F
′(R);µν(gαµgβν − gαβgµν)
)
(7)
The energy momentum tensor (7) is attributed to a perfect fluid of geometric origin, which
describes the dark energy and is also called curvature fluid.
2 Cosmological Evolution with Collisional Matter in Expo-
nential Gravity
2.1 Viable Exponential Gravity with Curvature Corrections
In principle an F (R) gravity model has to pass a series of serious tests in order it can
be considered a viable model. The constraints put by these tests are coming both from
local astrophysical data and also from global, at a cosmological level, considerations, see
for example [7–11,14–26] and related references therein. In this paper we shall consider a
viable exponential model, firstly studied in [23] by Cognola, Elizalde et al., which passes
all the viability tests and also provides a very elegant theoretical framework for explaining
late time acceleration and also inflation, at the early stages of the universe’s evolution,
mimicking the ΛCDM model at large curvature values. For studies on exponential models,
the reader is referred to [23, 24, 45–48]. The model is described by the following F (R)
function,
F (R) = R− 2Λ
(
1− e RbΛ
)
(8)
with Λ being the cosmological constant corresponding to present time, which is equal
to Λ ≃ 11.89eV2 and b is a free positive parameter which is assumed to be b ≃ 1 (we
adopt the numerical values of reference [45]). Regardless the good viability properties of
the model (8), there are some complications that arise in the process of the cosmological
evolution and particularly during the matter domination era. Particularly, the higher
derivatives of the Hubble parameter diverge, an issue that originates from the dark energy
oscillations during the matter phase [44, 45, 47]. In fact for large values of the redshift,
there occur high frequency dark energy oscillations, and also the derivatives of the dark
energy density, denoted as ρDE, take large values, which leave this imprint in the dark
energy equation of state parameter ωDE. Actually, the dark energy oscillations become
more pronounced (higher frequency) in F (R) modified gravity models that mimic more
the ΛCDM model, which practically speaking occurs when F ′′(R) is close to zero. Thus
our fundamental function of the exponential model (8) to correct Einstein’s gravity in
the small curvature regime, causes undesirable features in the high curvature regime. A
way out of this is offered by directly modifying the F (R) gravity Lagrangian, in order to
stabilize dark energy oscillations, in such a way so that the frequency of the oscillations
becomes constant [45, 47]. A consistent modification was proposed in [45], so that the
curvature corrected F (R) Lagrangian reads,
F (R) = R− 2Λ
(
1− e RbΛ
)
− γ˜Λ
(
R
3m˜2
)1/3
(9)
with Λ = 7.93m˜2 and γ˜ = 1/1000 [45]. The addition of the curvature correction stabilizes
the dark energy oscillations while keeping all the viability features of the model intact.
For example the Minkowski spacetime still is the flat space solution and the effects of
the curvature correction vanish in the de-Sitter epoch, provided γ˜ ≪ (m˜2/Λ)1/3, which
obviously is satisfied for the adopted value of γ˜.
2.2 Dark Energy and Equation of State Oscillations with Collisional
Matter Fluids-Cosmological Evolution
The detailed description of a perfect matter fluid with interactions was given in [42, 43]
and reference therein (see also [41]). It worths recalling in brief, the basic features which
we shall use in this article. The basic assumption to be made is that the collisional matter
has a total mass-energy density, denoted as εm, which receives two contributions in it’s
functional form and reads,
εm = ρm + ρmΠ (10)
In the expression above, ρm stands for the rest mass density which remains unaffected by
the internal motions of the gravitational cosmic fluid and the part containing the potential
energy Π, is what renders the matter fluid collisional [42, 43]. The collisional matter is
considered to be a prefect fluid with equation of state,
pm = wρm (11)
with the equation of state parameter taking values 0 < w < 1. The potential energy
density is assumed to be of the form [42,43],
Π = Π0 + w ln(
ρm
ρ
(0)
m
) (12)
5
with ρ
(0)
m and Π0 denoting the present values of the motion invariant mass energy density
and of the potential energy, respectively. Hence, the total energy density of the gravita-
tional fluid is equal to,
εm = ρm
[
1 + Π0 + w ln(
ρm
ρ
(0)
m
)
]
(13)
In addition and due to the continuity equation for the collisional matter fluid (see the book
of Fock [43], pages 90-93), the continuity equation of the gravitational fluid in a spatially
flat FRW metric takes the following form,
ε˙m + 3
a˙
a
(εm + pm) = 0 (14)
which leads to [42],
ρm = ρ
(0)
m
(a0
a
)3
(15)
with a and a0 denoting the scale factor and it’s present value respectively. Finally the
value of Π0 is equal to [42],
Π0 =
( 1
ΩM
− 1
)
(16)
which we shall use in our numerical calculations. In the next section we shall go through
the equations of cosmological evolution and see in detail how these are modified in the
presence of a collisional matter fluid with total mass-energy density given by relation (13).
2.3 Modification of Standard Cosmological Evolution in the Presence of
Collisional Matter Fluid
Our basic intention and core subject of this section, is to study the cosmological evolution
of a universe filled with collisional matter and radiation, with special emphasis in the
redshift region which corresponds to matter domination and later. This is in order to
study the dark energy oscillations during this era, which as we already mentioned in
the previous sections, can have a significant value during this era and at low redshifts
in general. We shall express the quantities entering the FRW equations in terms of the
redshift parameter z = 1/a−1 and also use new variables, appropriate for the study of dark
energy oscillations. We shall perform a numerical analysis of the modified FRW equations
for the type of collisional matter described in the previous section, and thoroughly study
the behavior of the dark energy density ΩDE(z), the modified Hubble parameter, H(z) and
of the effective equation of state parameter ωeff , which we re-express later in terms of the
new variables we shall introduce. For the numerical analysis, we shall take into account
values of the redshift z ≤ 10, which covers the last stages of the matter domination era,
which started at approximately z ∼ 3000 and is considered to end at z ≃ 3 (this can vary
from model to model). After that the late time acceleration era starts. The motivation
for us to use the redshift as our central parameter of our analysis comes from the fact
that, the cosmological distances in standard cosmology are determined by using standard
candles as references, such as TypeIa supernovae or Gamma Ray Bursts (GRB hereafter
wherever used). The TypeIa supernovae correspond to a redshift with values between
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0 < z < 1.7. In addition, GRBs are visible in much more higher redshifts, up to z = 6,
which corresponds to the late stages of the matter domination era. This is why we shall use
values of the redshift with 0 ≤ z ≤ 10, in order to take into account future observational
data coming from GRBs corresponding to high redshifts with z ≥ 6.
In order to proceed in the description of the cosmological evolution, we rewrite the
cosmological equations in a specific form. Particularly, the FRW equations of motion (4)
can be written in the following form,
3F ′H2 = k2ρmatt +
1
2
(F ′R− F )− 3HF˙ ′ (17)
− 2F ′H˙ = k2 (ρmatt + Pmatt) + F¨ −HF˙
with ρmatt being the total mass-energy density containing all the matter fluids. In the
present case the matter fluids we shall take into account consist of collisional matter and
relativistic matter (radiation), so ρmatt is in our case,
ρmatt = εm + ρ
(0)
r a
−4 (18)
and by taking into account relations (13) and (15), equation (18) becomes,
ρmatt = ρ
(0)
m a
−3
[
1 + Π0 + 3w ln(a)
]
+ ρ(0)r a
−4 (19)
In addition, Pmatt is the corresponding total pressure corresponding to all the matter
fluids. The first equation of the FRW equations in relation (17) can be written as,
H2 − (F ′ − 1)
(
H
dH
d ln a
+H2
)
+
1
6
(F −R) +H2F ′′ dR
d ln a
=
ρmatt
3
, (20)
where R is the Ricci scalar which for the purposes of this paper, can be written as,
R = 12H2 + 6H
dH
d ln a
, (21)
In order to provide general formulas that hold true for any type of collisional matter, we
shall assume that the total matter-energy density takes the following general form,
ρmatt = ρ
(0)
m g(a) + ρ
(0)
r a
−4 = ρ(0)m
(
g(a) + χa−4
)
, (22)
with ρ
(0)
m and ρ
(0)
r = χρ
(0)
m being the present values of the mass-energy densities of matter
and radiation respectively, and χ ≃ 3.1 × 10−4 being defined as the ratio ρ(0)r /ρ(0)m . So
practically, the collisional nature of the non-relativistic matter is described by the function
g(a), which in the case of collisional matter described in the previous section, this is equal
to,
g(a) = a−3
[
1 + Π0 − 3w ln(a)
]
(23)
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In order to consistently describe the dark energy oscillations, we re-express the cosmolog-
ical equations (20) in terms of new parameters which have vanishing values at the high
redshift limits, where the F (R) modifications are negligible [17],
yH ≡ ρDE
ρ
(0)
m
H2
m˜2
− g(a)− χa−4 (24a)
yR ≡ R
m˜2
− dg(a)
d ln a
(24b)
with ρDE the energy density of dark energy. So the new quantity which quantifies the
cosmological evolution is, yH(z), which is the scaled dark energy density, and scaled by
the factor ρ
(0)
m . Dividing the equations (20) by m˜2, and upon using,
H2
m˜2
− ρM
2m˜2
=
H2
m˜2
− g(a) − χa−4 = yH (25)
from (24a), we solve the resulting expression with respect to 1
m˜2
dR
d ln a . The final result is,
1
m˜2
dR
d ln a
=
[
−yH + (F ′ − 1)( H
m˜2
dH
d ln a
+
H2
m˜2
)− 1
6m˜2
(F −R)
]
1
H2F ′′
(26)
Upon differentiation of relation (24b), with respect to ln a we get,
dR
d ln a
=
1
m˜2
dR
d ln a
− d
2g(a)
d ln a2
, (27)
in which we substitute (26),
dyR
d ln a
= −d
2g(a)
d ln a2
+
[
−yH + (F ′ − 1)( H
m˜2
dH
d ln a
+
H2
m˜2
)− 1
6m˜2
(F −R)
]
1
H2F ′′
(28)
Upon differentiation of (24a) with respect to ln a, we get,
dyH
d ln a
= 2
H
m˜2
dH
d ln a
− dg(a)
d ln a
+ 4χa−4
⇒ H
m˜2
dH
d ln a
=
1
2
dyH
d ln a
+
1
2
dg(a)
d ln a
− 2χa−4
⇒ H
m˜2
dH
d ln a
+
H2
m˜2
=
1
2
dyH
d ln a
+
1
2
dg(a)
d ln a
+ yH + g(a)− χa−4, (29)
where we made use of relation (24a). Combining equations (29) and (28), we get the
following expression,
dyR
d ln a
= −d
2g(a)
d ln a2
+
[
−yH + (F ′ − 1)
(
1
2
dyH
d ln a
+
1
2
dg(a)
d ln a
+ yH + g(a) − χa−4
)
− 1
6m˜2
(F −R)
]
1
m˜2F ′′(yH + g(a) + χa−4)
. (30)
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Differentiating relation (26) with respect to ln a, results to,
dyH
ln a
=
2H
m˜2
dH
d ln a
− dg(a)
d ln a
+ 4χa−4. (31)
From (21) and (24a) we get,
2H
m˜2
dH
ln a
=
R
3m˜2
− 4H
2
m˜2
=
R
3m˜2
− 4yH − 4g(a) − 4χa−4, (32)
so relation (31) becomes,
dyH
d ln a
=
R
3m˜2
− dg(a)
d ln a
− 4yH − 4g(a)
=
yR
3
− 4yH − 2dg(a)
3d ln a
− 4g(a) (33)
and in addition the Ricci scalar can be written as,
R = 3m˜2
(
4yH + 4g(a) +
dyH
d ln a
+
dg(a)
d ln a
)
(34)
Upon differentiation of relation (33) with respect to ln a,
d2yH
d ln a2
=
dyR
3d ln a
− 4dyH
d ln a
− 2
3
d2g(a)
d ln a2
− 4dg(a)
d ln a
and by making use of relation (30), we obtain,
d2yH
d ln a2
+
(
4 +
1− F ′
6m˜2F ′′(yH + g(a) + χa−4)
)
dyH
d ln a
+
(
2− F ′
3m˜2F ′′(yH + g(a) + χa−4)
)
yH
+

d2g(a)
d ln a2
+ 4
dg(a)
d ln a
+
(1− F ′)
(
3dg(a)d ln a + 6g(a) − 6χa−4
)
+ F−R
m˜2
18m˜2F ′′(yH + g(a) + χa−4)

 = 0 (35)
Finally we express all quantities as functions of the redshift z, and order to do that, we
shall make use of the following expressions,
d
d ln a
= −(z + 1) d
dz
, (36a)
d2
d ln a2
= (z + 1)
d
dz
+ (z + 1)2
d2
dz2
. (36b)
Then, by applying the above formulas in relation (35), we obtain the following final form
of the differential equation that describes the cosmological evolution of the universe filled
with radiation and collisional matter,
d2yH
dz2
+
1
(z + 1)
(
−3− F
′(R)
6m˜2F ′′(R)(yH + g(z) + χ(z + 1)4)
)
dyH
dz
+
1
(z + 1)2
1− F ′(R)
3m˜2F ′′(R)(yH + g(Z) + χ(z + 1)4)
yH +
(
d2g(z)
dz2
− 3
(z + 1)
dg(z)
dz
− 1
(z + 1)
F ′(R)
(
−(z + 1)dg(z)dz + 2g(z) − 2χ(z + 1)4
)
+ F
3m˜2
6m˜2F ′′(R)(yH − g(z) + χ(z + 1)4)

 = 0 (37)
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which is a second order differential equation in terms of the scaled dark energy yH . In
the rest of this section we solve numerically this equation for the matter profile g(a) given
in relation (23) and compare the dark energy oscillations and the cosmological evolutions
of collisional matter in comparison to the non-collisional one. It worths to present briefly
the set of initial conditions and also the values of the various parameters we shall use.
Specifically, the present value of the matter density is ΩM = 0.279, the equation of state
parameter of collisional matter shall be assumed to have two different values, w = 0.1 and
w = 0.7, and the initial conditions are taken to be identical to those used in reference [45],
yH(z) |z=zf=
Λ
3m˜2
(
1 +
zf + 1
1000
)
, y′H(z) |z=zf=
Λ
3m˜2
1
1000
(38)
with zf = 10 and Λ, m˜
2 being defined in the previous sections.
We start off with the comparison of the function yH(z) for collisional and non-collisional
matter and in Fig. 1 we present of the numerical analysis we performed, for w = 0.1 (left)
and w = 0.7 (right) with the blue line corresponding to collisional matter with g(a)
given in (23) and the red line corresponding to non-collisional matter (g(a) = a−3). As
0 2 4 6 8 10
2.4
2.6
2.8
3.0
3.2
z
yH
zL
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Figure 1: Comparison of the scaled dark energy density yH(z) =
ρDE
ρ
(0)
m
over z, for w = 0.1
(left) and w = 0.7 (right). The red line corresponds to non-collisional matter while the
blue corresponds to collisional matter
we can see, the behavior of the scaled dark energy density yH(z) =
ρDE
ρ
(0)
m
for collisional
matter is more oscillatory in reference to non-collisional matter, and this phenomenon
gets more pronounced as w increases. The latter is rather normal, because the more w
approaches the value zero, the collisional nature of matter disappears. In reference to
dark energy oscillations, we shall compare the dark energy equation of state parameter
ωDE = PDE/ρDE for collisional and non-collisional matter for various w values. It worths
providing the formula from which the dark energy density is given, which is the following,
ωDE(z) = −1 + 1
3
(z + 1)
1
yH(z)
dyH(z)
dz
(39)
In Fig. 2 we present the comparison plots for the behavior of the dark energy equation
of state parameter for collisional matter (blue) and for non-collisional matter (red) with
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Figure 2: Comparison of the dark energy equation of state parameter ωDE(z) over z, for
w = 0.1 (left) and w = 0.7 (right). The red line corresponds to non-collisional matter
while the blue corresponds to collisional matter
w = 0.1 (left) and w = 0.7 (right). As we can see, the oscillatory behavior of dark
energy is highly pronounced as w increases and also it is more oscillatory in comparison
to non-collisional matter.
Let us now turn our focus to the cosmological evolution of the universe filled with
matter and radiation and study the parameters involved in the cosmological evolution,
namely the Hubble parameter H(z), the scalar curvature R(z) and the effective (total)
equation of state corresponding to all the perfect fluids of the universe, namely radiation,
matter (collisional or not) and dark energy. We start off with the Hubble parameter,
which can be expressed as a function of the scaled dark energy density yH(z). Indeed,
using equation (24a), the Hubble parameter is,
H(z) =
√
m˜2yH(z) + g(a(z)) + χ(z + 1)4 (40)
and by using the numerical solution for yH(z) in the left plot of Fig. 3 we present the
evolution of the Hubble parameter as a function of z for w = 0.7. As we can see, the
evolution of a universe filled with collisional matter is almost identical to the evolution of
a universe filled with non-collisional matter. The same result can be reached if we compare
the plots of the Ricci scalar as a function of z. The Ricci scalar can be expressed as a
function of yH(z) as follows,
R = 3m˜2
(
4yH + 4g(z) − (z + 1)dyH
dz
− (z + 1)dg(z)
dz
)
. (41)
and in the right plot of Fig. 3 we compare it’s evolution for collisional (blue) and non-
collisional matter (red). Finally a similar behavior to the aforementioned two parameters
appears if we consider the effective equation of state parameter. In Fig. (4) we compare
the effective equation of state parameters ωeff = Ptot/ρtot for collisional (blue) and non-
collisional (red) matter, for w = 0.1 (left) and w = 0.7 (right). The effective equation of
state parameter is written in terms of the Hubble parameter H(z) as follows,
ωeff (z) = −1 + 2(z + 1)
3H(z)
dH(z)
dz
(42)
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Figure 3: Comparison of the Hubble parameter H(z) over z (left) and of the Ricci scalar
R(z) (right), for w = 0.7. The red line corresponds to non-collisional matter while the
blue corresponds to collisional matter
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Figure 4: Comparison of the effective equation of state parameter ωeff (z) over z, for
w = 0.1 (left) and w = 0.7 (right). The red line corresponds to non-collisional matter
while the blue corresponds to collisional matter
Notice that the total equation of state parameter never crosses the phantom divide line,
while the dark energy equation of state parameter has strong oscillations around the
phantom divide line, between the quintessence and phantom region. Recall that the value
w = −1 [7], corresponds to a cosmological constant perfect fluid equation of state, and
the −1 < w < 0, corresponds to quintessence energy. Also the values w < −1 correspond
to the phantom energy region.
It worths making some contact with some experimental values of the physical quan-
tities we studied in this section. In Table 1 we present the present time (z = 0) obser-
vational data for the dark energy density ΩDE(z) and the dark energy equation of state
parameter ωDE(z) and also their obtained values for a universe filled with collisional and
non-collisional matter fluids.
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Observational Quantities for
z = 0
ΩDE(z) ωDE(z)
Collisional Matter Fluid for
w = 0.01
0.743501 −1.00259
Collisional Matter Fluid for
w = 0.1
0.744645 −0.998188
Collisional Matter Fluid for
w = 0.7
0.754478 −0.960615
Non-Collisional Matter Fluid 0.734581 −0.938451
Observational Values 0.721 ± 0.015 −0.972 ± 0.06
Table 1: Values of ΩDE(z) and ωDE(z), corresponding to collisional and non-collisional
matter fluids and also current observed values.
We have to notice two things, which we shall discuss further on in a later section. Firstly
notice that there exist values of w for which the dark energy equation of state parameter
crosses the phantom divide line. Secondly, the w = 0.7 collisional model gives better
estimation with respect to ωDE(z), but a bit worse for ΩDE(z), in comparison to the non-
collisional matter universe and always in reference to the observational data. We come
to this point again in a later section in which we shall further discuss the cosmological
implications of our numerical analysis results in detail. Before we close this section let
us note that apart from the scaled dark energy density and the dark energy equation of
state parameters, all the other parameters we examined generated almost indistinguish-
able cosmological evolution for a universe filled with collisional or non-collisional matter.
Therefore, in order to have a consistent description for the evolution of the universe with
various matter fluids we need to study other physical quantities that distinguish the evo-
lution of different matter fluids. Such quantities can be provided by studying the matter
density perturbations, which is the subject of the following section.
2.4 Future Cosmological Evolution-Matter Density Perturbations
A consistent criterion to distinguish the cosmological evolution of different F (R) gravities
is the cosmological perturbation theory, in the context of which, even though two mod-
els may cause similar cosmological evolution, they can be distinguished. Practically this
happens because cosmological perturbations actually differentiates the evolution of each
model from the background evolution so this gives us information for this differentiation
from the background evolution [49]. In this paper we shall be interested in matter den-
sity perturbations, which are consistently calculated in the sub-horizon approximation, in
the context of which the theory is rendered consistent with Newtonian gravity [49]. The
sub-horizon approximation qualitatively means that co-moving wavelengths λ = a/k with
the spacelike hypersurface that describes the evolution, are considered to be much shorter
that the Hubble radiusH−1 corresponding to this hypersurface (notice that, loosely speak-
ing, this condition is reminiscent to the geometric optics approximation in optics). This
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condition is quantitatively expressed by the following inequality [49],
k2
a2
≫ H2 (43)
where k and a are the wavenumber an the scale factor respectively. Note that the sub-
horizon approximation breaks down during the radiation era and earlier in cosmic time.
So we focus our interest on the matter era and onwards in cosmic time. In the case
of collisional matter, the matter density perturbations are described by the parameter
δ = δεmεm , with εm the total mass-energy density of the collisional cosmic fluid under
consideration (see relation (13)). The matter energy perturbation δ satisfies the following
equation [45],
δ¨ + 2Hδ˙ − 4piGeff (a, k)εmδ = 0 (44)
with Geff (a, k) standing for the effective gravitational constant of the modified gravity
F (R) theory given by [45],
Geff (a, k) =
G
F ′(R)
[
1 +
k2
a2
F ′′(R)
F ′(R)
1 + 3k
2
a2
F ′′(R)
F ′(R)
]
(45)
with G the gravitational constant of Newtonian gravity. We shall express every cosmic
time dependent quantity appearing in the matter perturbations differential equation (44)
as a function of the redshift z and also we re-express the differential equation to describe
the quantity fg(z) =
d ln δ
d ln a , which is called growth factor. By doing so, and also taking
into account the following relations,
H˙ =
dH
dz
(z + 1)H(z), (46)
δ˙ = Hf˙gδ
δ¨ = H˙fgδ +Hf˙gδ +Hfgδ˙,
the differential equation (44), in the presence of collisional matter is written as follows,
dfg(z)
dz
+
(1 + z
H(z)
dH(z)
dz
− 2− fg(z)
)fg(z)
1 + z
+
4pi
G
Geff (a(z), k)
(z + 1)H2(z)
εm = 0 (47)
where we normalized the Newton’s constant to the present one as Geff/G and εm is given
in relation (13). In addition we can see that the collisional nature of matter modifies
explicitly the matter perturbations, especially in the matter domination era. Notice that
the presence of the term Geff (a(z), k) determines how the F (R) gravity modifies the
matter perturbations in an implicit way. Moreover, the effective gravitational constant
Geff (a(z), k) has an explicit dependence on the wavenumber k, a feature that is absent
in general relativity. This k-dependence should be taken into account during the compu-
tation of the CMB power spectrum, because the current spectrum is computed by using
general relativity considerations [45]. We shall numerically solve the differential equation
(47), using the same initial conditions adopted in [45], that is, fg(zfin, k) = 1, with the
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final redshift being equal to zfin = 10. Before presenting the results, we have to deter-
mine the allowed values of the wavenumber k in order we remain within the sub-horizon
approximation. From relation (43), using the present epoch’s values for the scale factor
and the Hubble parameter, we get that the wavenumber has to be k > 0.000156, while the
corresponding condition for non-collisional matter is k > 0.0001174. Notice that we used
the expression for the Hubble parameter given in relation (40), with g(a) being equal to,
g(a) = a−3
[
1 + Π0 + 3w ln(a)
]
(48)
corresponding to collisional matter and with,
g(a) = a−3 (49)
corresponding to non-collisional matter. In addition, we assume that only matter is
present, thus disregarding radiation, since matter perturbations correspond to the matter
domination era. In Fig. 5 we present the plots of the growth factor fg(z) as a function
of z, for collisional (blue line) and for non-collisional matter (red line) for k = 0.1Mpc−1
and w = 0.7. As it can be seen, the collisional matter generates matter perturbations
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Figure 5: Plots of the growth factor fg(z) =
d ln δ
d ln a , which quantifies the matter perturba-
tions during the matter era, as a function z, for k = 0.1Mpc−1 and w = 0.7. The blue line
corresponds to collisional matter and the red to non-collisional matter respectively.
(blue line) that differ significantly, in reference to non-collisional matter perturbations
(red line). This behavior is to be contrasted to the behavior of the parameters that de-
scribe the cosmological evolution of the two different matter species, like for example the
Hubble parameter, which case the evolution of collisional and non-collisional matter is
almost identical (see left plot of Fig. 3). Before closing, we have to mention that there
is another quantity that characterizes the growth of matter perturbations, related to the
growth factor of matter perturbations fg(z) and also to the matter density parameter
Ωm(z), known as growth index γ(z). The growth index is related to the aforementioned
quantities as follows [45],
fg(z) = Ωm(z)
γ(z) (50)
The growth index cannot be observed directly but can be determined from the observa-
tional data of both Ωm(z) and fg(z). For a detailed analysis of the growth index for the
exponential model (9), see reference [45].
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3 Analysis of the Results
In order to have a global picture of the effects of collisional matter to the cosmological
evolution of the universe at all stages, in this section we thoroughly discuss the results of
the analysis we performed in this paper and combine these to the results obtained in [41].
In that paper we performed an analysis on the late time cosmological evolution of the F (R)
universe that contains collisional matter and compared the results to the ΛCDM model
and also to F (R) models that contain ordinary matter. As we explicitly demonstrated,
the results were strongly model dependent and for some models, the evolution of the
collisional matter F (R) theory provided better fitting to the ΛCDM model, in comparison
to the non-collisional F (R) models. Therefore, the need for a deeper analysis of various
aspects of cosmological evolution was necessary. In this paper we studied different aspects
of cosmological evolution, and specifically we studied the dark energy oscillations and also
the matter perturbations in a matter dominated universe. We used a popular exponential
F (R) model, with curvature corrections, which is given in relation (9). The resulting
picture is that, in general, collisional matter generates a pronounced oscillatory behavior
for dark energy, in reference to non-collisional matter (see Figures 1 and 2). However, the
cosmological evolution of the universe quantified in terms of the Hubble parameter, the
effective equation of state parameter and the scalar curvature, looks quite similar in both
collisional and non-collisional matter filled universes (see Figures 3 and 4). In addition to
this, by looking Table 1, we can see that some observational data coming from collisional
matter filled universe, always for the F (R) model under study, are quite closer to the
observational data, in comparison to the non-collisional matter case. For example the
value of the dark energy equation of state for w = 0.7 in the collisional matter case, is
much closer to the observed value. However, in the same case, the dark energy density
for the non-collisional matter is closer to the observed value, than the corresponding value
of the collisional matter case. In addition, collisional matter generates different matter
perturbations, in comparison to the ones generated from non-collisional matter. We have
to note that the same conclusions hold true for other F (R) models we tried, for example
the curvature corrected R2-model, but we omit the details for brevity. Notice however
that the present exponential model combines many elegant characteristics which render it
as an ideal viable reference model for these studies.
In conclusion, it is rather difficult to decide whether the effect of collisional matter
makes the resulting picture better or worse. It is necessary to further scrutinize the effects
of collisional matter so we can have more arguments in favor or against collisional matter.
Some aspects of the cosmological evolution we did not address in this article, but should be
thoroughly studied are the following: Firstly, one should perform a detailed analysis of the
density perturbations in the framework of F (R) theories. Note that density perturbations
may be extracted from any first order tensor orthogonal to the four velocity, and describes
the scalar part of any perturbation variables. There exist very stringent constraints coming
from baryon acoustic oscillations and these could shed some light on whether we should
consider the collisional matter a necessary ingredient of the matter content of our universe.
Secondly, since we only restricted our study to F (R) theories in the Jordan frame, one
should try to study the evolution of a universe filled with collisional matter in the Einstein
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frame, by making a conformal transformation of the original F (R) theory. Moreover, in
order to be detached from the F (R) framework, the same study we performed here should
be done for scalar tensor theories, thus for gravitational theories that contain scalar fields.
In the same study, it is possible to examine how the parametrization of the dark energy
transition to the phantom epoch is affected by the presence of collisional matter.
It worths to briefly present the late time cosmological evolution of the exponential
model (8) in terms of the deceleration parameter q(z), as a function of the redshift z, a
study which was absent in our previous work [41]. Following the approach we adopted
in [41], and omitting the details for brevity, in Fig. 6 we plot the deceleration parameter
q(z) for collisional matter (blue), non collisional matter (red) and for the ΛCDM model
(black). As it is obvious, in this case too, the collisional matter filled universe gives better
fit to the ΛCDM curve.
0 1 2 3 4 5
0
2
4
6
8
10
z
qH
zL
Figure 6: Plots of q(z) over z, for the model F (R) = R − 2Λ
(
1− e RbΛ
)
− γ˜Λ ( R
3m˜2
)1/3
.
The blue, red, and black lines refer to collisional, non-collisional, and ΛCDM models,
respectively.
Before we close this section we comment on another rather interesting feature of the
collisional matter filled universe. It is known that the cosmographic indication suggest that
the cosmological standard model expressed in terms of the Hubble parameter, is extended
in the following way [50],
H(z) ∼
√
Ωm(1 + z)3 + ln(α+ βz) (51)
Notice relation (23), which when expressed in terms of the redshift z, takes the following
form,
H(z) =
√
m˜2yH(z) + (1 + z)3
[
1 + Π0 + 3w ln(1 + z)
]
+ χ(z + 1)4 (52)
We have to notice the resemblance between the two Hubble parameters. In a future work, it
worths trying to fit the collisional matter Hubble parameter (52) with the cosmographically
indicated one (51).
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Concluding Remarks
We have studied the effect of collisional matter on the cosmological evolution of an viable
curvature corrected exponential F (R) model and compared the results to those coming
from the same theoretical framework but with non-collisional matter. Particularly, we
focused our study on the oscillatory behavior of dark energy during the matter domina-
tion era and at later epochs, an effect that is owing to the existence of diverging higher
derivatives of the Hubble parameter. This phenomenon is present in the exponential F (R)
model, even in the presence of ordinary, that is, non-collisional matter, and as we explicitly
demonstrated, this also occurs in the collisional matter case. Moreover, this oscillatory
behavior is even more pronounced in the collisional matter case, and as the collisional mat-
ter equation of state parameter w takes lower values, this phenomenon is not so intense.
Specifically, this oscillatory behavior can be seen in the study of the dark energy equation
of state parameter and for z taking values in the matter domination era. However, one
important result of our analysis is that the effective equation of state parameter oscillates
but never crosses the phantom divide and in addition the oscillations are not so severe.
The cosmological evolution of collisional and non-collisional matter filled universes are
almost indistinguishable, a fact that motivated us to study matter perturbations in order to
reveal differences in the process of cosmic expansion. As we explicitly showed by studying
the growth factor, the evolution of matter perturbations is different in the two forms
of matter, so this can distinguish the cosmic evolution of collisional and non-collisional
matter. The final picture is rather vague, since in some cases collisional matter produces a
cosmology that fits better the observational data in comparison to non-collisional matter,
always in the context of viable F (R) theories. On the other hand, the oscillatory behavior
of dark energy is pronounced in the collisional matter case, and as a result the final picture
is not clear if the existence of some sort of interaction between ordinary non-relativistic
matter can be considered as a true fact. Therefore, one should further scrutinize the
effects of collisional matter, until a conclusion is reached. In addition, one should try to
embed the collisional matter effects into other cosmological theoretical frameworks, such
as scalar-tensor theories and also further study the evolution of matter perturbations more
concretely. For an interesting work with respect to the latter see [51]. We hope to address
these issues in a future work.
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